Finite groups in which all the nonlinear irreducible characters have equal degrees were described by Isaacs, Passman, and others. The purpose of this article is to consider the other extreme, namely, to characterize all finite groups in which all the nonlinear irreducible characters have distinct degrees.
Finite groups in which all the nonlinear irreducible characters have equal degrees were described by Isaacs, Passman, and others (see [8, Chapter 12] ). The purpose of this article is to consider the other extreme, namely, the case when all nonlinear irreducible character degrees are distinct. We prove Theorem. Let G be a nonabelian finite group. Let {d\, 82, ... , 6r} be the set of all nonlinear irreducible ordinary characters of G. Assume that 6¡( 1 ) / 6}■ ( 1 ) for all i / j. Then one of the following holds: ( 1 ) G is an extra-special 2-group. (2) G is a Frobenius group of order pn(pn -1) for some prime power pn with an abelian Frobenius kernel of order p" and a cyclic Frobenius complement. (3) G is a Frobenius group of order 72 in which the Frobenius complement is isomorphic to the quaternion group of order 8.
Remarks. All the groups described above satisfy the assumption of the theorem. The groups of type (1) and (2) have exactly one nonlinear character degree, while the group in (3) has two such character degrees. To show that there are no perfect groups satisfying the assumption, we use the classification of the finite simple groups. The proof for nonperfect groups is independent of the classification.
In [10] , Seitz shows that if in the theorem r = 1 , then either (1) or (2) holds.
Notation. Most of our notation is standard and taken mainly from [8] . We will denote the set of all irreducible ordinary characters of the finite group G by Irr (G). For the purpose of this paper we call a finite nonabelian group a Dgroup if it satisfies the assumption of the theorem, namely, for any two distinct nonlinear 8, n £ Irr(G), we have that 0(1) ^ n(l Examining [4], we see that neither Sp6(2) nor 0£(2) is a F>-group. This contradiction proves that G' < G.
(4), (5) Let x be a nonlinear irreducible character of G and X a linear character of G. Then Xx £ Irr(G) and (Xx)(l) = X{I) • Since G is a D-group, ¿X = X • So X{x)x{x) = x(x) for all x £ G. Hence x(x) = 0 for all x 's such that X{x) t¿ 1. Thus x vanishes off the subgroup Ker(/.). Since this is true for all linear X £ Irr(G), we conclude that x vanishes off f|{ker(A)|A e Irr(G), X(l) = 1} m{?.
We further conclude that each nonlinear character of G vanishes off G'. Now let g £ G -G'. As G/G' is abelian, we have that CG/G,(gG') = G/G'. On the other hand, xig) -0 for all nonlinear x € Irr(C), and consequently
Thus, |CG/G-(^G')| = \CG(g)\, and (G, G') is a Camina pair. This proves (4).
Let z £ Z(G), and let x be a nonlinear irreducible character of G. Then X(z) t¿ 0 and, since x vanishes off G', we get that z £ G'. This proves (5) . D Lemma 2. Let G be a p-group for some prime p . If G is a D-group, then G is a 2-group in which \G'\ = |Z(C)| = 2. That is, G is an extra-special 2-group. Proof. By Lemma 1, G has a real-valued nonprincipal irreducible character, so that \G\ is even [8, (3. Let p be a prime divisor of |AT| and P a Sylow p-subgroup of K. Write K = P x R, with 7? a p-complement. Then G/R is a Frobenius group with Frobenius kernel isomorphic to P and Frobenius complement isomorphic to 77. As G/7? is a D-group, the argument in the first paragraph shows that \H\ = \P\ -1 and hence K = P. (The fact that \K\ is a prime power follows also from the known fact that the degree of a doubly transitive Frobenius group is a prime power.) D Lemma 4. Let G be a D-group which is a Frobenius group with the Frobenius kernel K. Then K is abelian.
Proof. Let 77 be a Frobenius complement. Assume that K is not abelian. We seek a contradiction.
Without loss of generality we may assume that [K, K, K] = 1 . Then K is nilpotent of class 2; in particular, K' < Z{K). Let X be either K' or Z{K). Then G/X is a 7)-group, which is a Frobenius group with abelian Frobenius kernel K/X and a Frobenius complement isomorphic to 77. It follows from Lemma 3 that \H\ = \K/X\ -1. Thus \K/K'\ = \K/Z{K)\ so that K' = Z{K). Then 8G ^ nG and 8G, nG are two nonlinear irreducible characters of G. As G is a D-group, 8G(l) ¿ nG(l), which implies that 0(1) ^ n(l). It follows that different orbits contain characters of different degrees. Let x be a nonlinear irreducible character of K. Set Xz(K) = e^ with X £ Irr(Z(K)) and e a positive integer. We claim that (8Z(k), X) = 0 for all 8 £ Irr(K) -{x} . For if (8Z(K), X) ¿ 0 for some 8 £ Irr(K) -{x}, then both 8 and x are constituents of XK. As K/Z(K) is abelian, we get that x -Q0 > where a £ lrr(K/Z(K)) (see [8, 6.2, p. 95] ). As a is linear, #(1) = 0(1), and hence {x, 8} ç 3\ for some a > 1. It follows that x = 6X
for some x £ 77-{1}. Next, 8z(k) -f& with / a positive integer, and therefore fXx = eX so that X = Xx . Since Z(K)H is a Frobenius group with Z(K) the Frobenius kernel and 77 a complement, we get that X = lz(K) ■ But then Z(K) C Ker(^) and x e Irr(7C/Z(7c)), forcing x to be linear, a contradiction. Thus no such 0 exists. It follows that XK = ex, and so / vanishes on K -K' = K -Z(K). Take is abelian, and hence G/G' is a p-group, forcing G to be a p-group, a contradiction. Thus G/G' is a p-group. Let F be a Sylow p-subgroup of G.
By [2, Corollary 3.5], P is not abelian. By [3, Lemma 2.1], G has a normal p-complement, say R. Then G = RP, with R ñ P -I. By Lemma 1, G/7? = P is a D-group, and now Lemma 2 implies that F is a 2-group with |F'| = |Z(F)| = 2. In particular, the nilpotency class of P is 2. [2, Theorem 5.1] now implies that G is a Frobenius group with Frobenius complement isomorphic to Qs, the quaternion group of order 8. Finally, Lemmas 4 and 3 imply that the Frobenius kernel has order 9, so G satisfies (3) of the theorem. D
